Abstract. -We study the presence of chaos in a car-following traffic model based on a system of delay-differential equations. We find that for low and high values of cars density the system has a stable steady-state solution. Our results show that above a certain time delay and for intermediate density values the system passes to chaos following the Ruelle-Takens-Newhouse scenario (fixed point-limit cycles-two-tori-three-tori-chaos). Exponential decay of the power spectrum and non-integer correlation dimension suggest the existence of chaos. We find that the chaotic attractors are multifractal.
Traffic flow often exhibits irregular and complex behavior. It was observed experimentally (e.g., [1] ) that, although for low and high cars density the motion is relatively simple, for intermediate density values (in the so-called "synchronized flow phase" [1] ) the motion is characterized by abrupt changes in cars velocities and flow flux. We study a model based on a system of delay-differential equations, which for sufficiently large delay and intermediate density values demonstrates complex behavior, attributed to the presence of chaos.
The presence of chaotic phenomena in traffic models has been reported in recent studies. Addison and Low [2] observed chaos in a single-lane car-following model in which a leading car has oscillating velocity. Nagatani [3] reported the presence of a chaotic jam phase in a lattice hydrodynamic model derived from the optimal velocity model [4] .
Unlike the above models/studies, our model is based on a system of autonomous delaydifferential equations, and the transition to chaos is possible only in the presence of delay ( 1 ). We show that the system can pass to chaos via many similar routes and many different nonchaotic and chaotic attractors may coexist for the same parameter values. We also observe multifractality of the chaotic attractor, which is novel in traffic studies.
We generalize the model introduced and studied in [7] [8] [9] by introducing time delay in the driver's reaction. The model is based on the assumption that N cars move in a single lane and the n-th car motion is described by the delay-differential equation
where n = 1, . . . , N, x n is the car's coordinate, v n its velocity, A and k are sensitivity parameters, D is the minimal distance between consecutive cars, v per the permitted velocity, T the safety time gap, ∆x 2 ) and k = 2(s −1 ), which are consistent with experimental observations. We assume that N = 100. The boundary conditions are periodic, i.e.
where L is the road length. The analysis of bifurcations, transition to chaos, and multifractality of chaotic attractors in this paper are performed assuming that η = 0.
The first term in eq. (1) is dominant when the velocity difference between consecutive cars is relatively small. In this case the n-th car accelerates if ∆x n > ∆x We have found in [9] that system (1) in variables (∆x n , v n ) without delay (τ = 0) has many stable limit cycles. These cycles emerge after supercritical Hopf bifurcations (see, e.g., [10] ) with the density changing from high to intermediate values. They can be found by analytical approximation for densities close to bifurcation values and continued numerically as the density is decreased further.
Here we find that for sufficiently large delay the system behaves in a complex manner. We show, numerically, that the above-mentioned limit cycles may bifurcate into two-dimensional tori. With further change of density the tori bifurcate into three-dimensional tori, which are subsequently destroyed forming chaotic attractors. This scenario is known as Ruelle-TakensNewhouse route to chaos [11] ( 2 ). To study the transition to chaos we first consider the following solution of system (1):
where ρ = N/L is the flow density. This solution corresponds to the homogeneous flow, in which all cars have the same velocity and spaces between neighboring cars are all equal. We introduce a new variable ξ n = ∆x n − 1/ρ in eq. (1) . By this change of variables the homogeneous flow solution (2) is mapped to zero. Its stability can be analyzed using the linearization of eqs. (1):
where
( 2 )The Ikeda equation [6] is a fundamental example of a delay-differential equation exhibiting the same scenario of transition to chaos. Following [4, 7] , we look for a solution of eqs. (3) in the form
and λ is a complex number. Substituting (4) into (3) we obtain a set of algebraic equations for λ:
The solutions of eqs. (5) are the eigenvalues of system (3). One of these solutions (for κ = 0) is zero. The others have negative real part for sufficiently high and sufficiently low values of ρ, which indicates the stability of the homogeneous flow solution. As ρ decreases (increases), pairs of complex eigenvalues may cross the imaginary axis, causing the formation of small limit cycles (Hopf bifurcations). We study the formation of limit cycles with the density decreasing from high to intermediate values. Let, for some ρ = ρ 0 , eqs. (5) for some κ have a pair of purely imaginary solutions (a Hopf bifurcation point). For ρ = ρ 0 − ε we find the newly born limit cycle in the form ξ n (t) ∼ εξ 0 n (t), using an approximate technique similar to that used in [9] for the non-delay case. Obviously, the flow state corresponding to this limit cycle is a wave with the wavelength equal to L/κ (in length units) or N/κ (in number of cars).
After the small limit cycle for density close to the Hopf bifurcation value is found analytically, its global continuation is performed numerically in the following manner. For ρ ≈ ρ 0 − ε we take the analytically found approximate periodic solution as an initial condition and solve eqs. (1) numerically. After the solution has reached an attracting set, we decrease ρ with a small step and solve the equations numerically again, taking the results from the previous step as initial conditions. This procedure is iterated further. In this way we keep the track of the particular κ-cycle.
For the non-delay case [9] we have not found any other attracting sets than limit cycles. With a small delay the system's behavior does not change qualitatively. For higher values of τ (above approximately 0.5 s) the cycles may undergo bifurcations leading to the transition to chaos.
A bifurcation diagram obtained from global continuation of six different limit cycles for τ = 0.59 is sketched in fig. 1 . The figure shows the transition from each of these cycles to chaos via a two-torus phase. It is important to note that chaotic and non-chaotic attractors coexist for the same parameters values. The transition to chaos from the cycle with κ = 15 is shown in more details in fig. 2 . The cycle was formed after a Hopf bifurcation at ρ ≈ 0.1665. Figures 2a), c) , e), g) and i) show the dependence of ξ n (for an arbitrarily chosen n) on t for different values of ρ. Presented in figs. 2b), d), f) and j) are the corresponding power spectra.
Figures 2c), d) depict the loss of stability by this cycle at ρ ≈ 0.1467. It can be seen from fig. 2d ) that a new independent frequency which is approximately three times smaller than the original one appears. This indicates a bifurcation of a two-torus from the cycle. The system's motion on the torus looks quasiperiodic (see fig. 2e ), where the local maxima values change slightly from period to period).
As we continue to decrease ρ further we find that at ρ ≈ 0.1402 one more independent frequency emerges, which is nearly three times smaller than the previous one. This is an indication of a bifurcation of a three-torus from the two-torus. The motion on the three-torus is shown in figs. 2g), h). This three-frequency quasiperiodic motion is observed only for a limited time interval, after which it becomes more complex. This might indicate that the system is driven to chaos by a small computational error according to the Ruelle-Takens theory [11] .
With further decrease of density the motion becomes chaotic. The fully developed chaotic regime is shown in figs. 2i), j). The exponential decay of the power spectrum in fig. 2j ) is an additional sign of chaotic behavior of our system. This decay can be associated with the sharp decrease of the autocorrelation function at large scale, which is characteristic to chaos [12] . Next, we measure the generalized correlation dimension [13] of a single-car time series, ξ n (t), using the algorithm proposed in [14] . We study the correlation function
, ∆t is the first zero of the time series autocorrelation function, and Θ is the Heaviside step function (see [13, 14] and references therein for more details). The correlation dimension D q is defined by the relation C q (r) ∼ r Dq . The plots of C 2 (r) for increasing embedding dimension (d = 1, ..., 9) are shown in fig. 3a ). With growing embedding dimension the curves converge to straight lines with the slope close to 3.8, which is the value of the correlation dimension D 2 . We repeat this calculation for increasing moments q and find that the generalized correlation dimension D q decreases -this suggests that the system's attractor is associated with many exponents and has multifractal properties ( fig. 3b), c) ). [15] , our system has at least one positive Lyapunov exponent.
A direct calculation of Lyapunov exponents (using the methods described in [16] and [17] ) yields three positive Lyapunov exponents of order 10 −4 . Because these exponents are small and close to each other, they cannot be used to accurately estimate D L .
We performed similar studies of transition to chaos from cycles with several other κ's. We observe that the transition follows the same scenario and found that the ratio of the old frequency to the new one at the limit cycle→torus bifurcation is close to a divisor of the corresponding κ. For example, it is close to 10 for κ = 10 ( fig. 4a) ), 7 for κ = 14 ( fig. 4b) ), 4 for κ = 16 ( fig. 4c) ), 9 for κ = 18 ( fig. 4d) ) and 3 for κ = 12 ( fig. 4e) ). At the twotorus→three-torus bifurcation the ratio between the new and the previous frequency is also close to an integer, which is different for different tori. For example, for κ = 12 this ratio is close to 4 ( fig. 4f) ), while for κ = 15 it is nearly 3 ( fig. 2h) ).
We found that the fine structures observed in the model and described above are robust to noise. Figure 5 shows the power spectra of a single car trajectory for κ = 16, ρ = 0.135, τ = 0.59 (which corresponds to the two-torus phase) and different values of η . Evidently, the quasiperiodic motion persists for noise levels under some threshold. Moreover, this regime continues coexisting with chaotic states which originated from cycles with other κ's. In conclusion, we study a model of single-lane road traffic based on a system of autonomous delay-differential equations. We find that the presence of time delay accounts for the chaotic behavior of the system. The transition to chaos is found to follow the Ruelle-Takens-Newhouse scenario. The motion on the tori is periodic or quasiperiodic and many different tori and chaotic attractors may coexist for the same parameter values. We also observed that chaotic attractors of the system have multifractal properties. * * * We wish to thank I. Dana for useful comments. One of us (YA) thanks NIH/National Center for Research Resources (P41RR13622) and the NIA (AG14100) for partial support.
